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We explore the topological properties of non-Hermitian nodal-link semimetals with dissipative
cold atoms in a three-dimensional optical lattice. We construct a two-band continuum model in
three dimensions with a spin-dependent gain and loss, where the exceptional points in the energy
spectrum can comprise a double Hopf link. The topology of the bulk band is characterized by
a winding number defined for a one-dimensional loop in the momentum space and a topological
transition of the nodal structures emerges as the change of the non-Hermiticity strength. A non-
Bloch theory is built to describe the corresponding lattice model which has anomalous bulk-boundary
correspondence. Furthermore, we propose that the model can be realized using ultracold fermionic
atoms in an optical lattice and the exceptional nodal links as well as the topological properties can
be detected by measuring the atomic spin textures.
I. INTRODUCTION
Topological metals and semimetals with gapless bulk
nodes protected by certain symmetries have been at-
tracted intense interest both theoretically and experi-
mentally in the past decades [1, 2]. Point and line nodes
such as Dirac, Weyl and Maxwell points [3–13], nodal
lines [14–19], nodal links and knots [20–26] in gapless
phases are topological defects in momentum space car-
rying topological charges. Such degeneracies occur close
to the Fermi level, such that the stability of the Fermi
surface and the low-energy excitations of the semimet-
als are topologically protected. The stability of the
Fermi surface is originated from the topological prop-
erties of Green’s function [27]. The inclusion of a self-
energy in the Green’s function naturally necessitates a
non-Hermitian Hamiltonian [28–30], emerging as an ef-
fective description of a non-conserved system such as
solids with finite quasi-particle lifetimes [31–34], disor-
dered Dirac fermions [35, 36], and artificial lattices with
gain/loss or non-reciprocity [37–41].
In recent years, there has been considerable attentions
on the topologies of non-Hermitian systems [42–50]. The
framework resting on universal Green’s function has been
formulated to describe anomalous topological character-
istics of the non-Hermitian Hamiltonians [28, 29]. The
eigenenergies of a non-Hermitian Hamiltonian are gen-
erally complex and the gaps are defined on the complex
manifold. This enables two types of gaps: line gap and
point gap [50–52]. Some unique topological phenomena
such as the non-Hermitian skin effect [48, 52–58], the
anomalous bulk-boundary correspondence [48, 49, 59–
63], and the exceptional points can be attributed to
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the point-gap topology. Furthermore, as pinpointed in
previous works [64–66], the nodal band structures for
non-Hermitian Hamiltonian depend only on the topol-
ogy and do not require any protecting symmetries. On
the contrary, the topological semimetals in the absence
of non-Hermiticities can only be protected by symme-
tries due to the so-called band repulsion [17]. Thus, the
nodal points for non-Hermitian Hamiltonians can host
new topology without Hermitian counterparts, such as
Weyl exceptional rings with a Chern number [68], nodal
rings [64, 69, 70] and exceptional knots and Hopf links
[65–67, 71].
On the other hand, the experimental demonstration of
non-Hermitian classical and quantum systems has wit-
nessed great progress. Particularly promising approaches
using different platform such as acoustics [72, 73], opti-
cal [38, 39, 74, 75] or atomic [40, 76, 77] systems have
been successfully performed. The present experimental
achievements have extended the field of searching exotic
topological phases with synthetic quantum matter to the
unconventional non-Hermitian situation by engineering
the dissipation. Specifically, several proposals based on
the optical lattices has been proposed [68, 70, 78–80].
In this work, we explore the topological properties
of a non-Hermitian three-dimensional (3D) nodal-link
semimetal. The non-Hermiticity considered here is intro-
duced only by a spin-dependent gain-and-loss term that
can be easily realized [40, 76], while exceptional links or
knots in non-Hermitian metals or semimetals proposed in
previous works [65, 66, 71] usually arise from delicately
designed non-Hermitian Hamiltonians. We find a dou-
ble Hopf-link composed of exceptional degeneracies for
some regimes of parameters, and a topological transition
of the nodal structure emerged as the change of the non-
Hermiticity. We use a winding number defined on an S1
sphere that encloses the nodal rings to characterize the
topological properties of our system. Moreover, a non-
Bloch band theory is built to restore the bulk-boundary
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2correspondence in this 3D non-Hermitian system and a
critical phenomenon is observed. Specifically, we find
that the topological zero-energy edge modes are gapped
out for small systems, distinguishing from conventional
Hermitian systems in which the finite size effects play
diminishing role. Furthermore, we propose a scheme to
realize our model by using the two-photon Raman as-
sisted tunneling of ultracold fermionic atoms in an opti-
cal lattice [2, 81–83]. Motivated by a recent work that
realized a nodal-line semimetal using spin-orbit coupling
of cold atoms [84], we propose an approach to detect the
link structure of the exceptional degeneracies by the in-
tegrated spin textures.
This paper is organized as follows. Section II in-
troduces a non-Hermitian continuum model exhibiting
double exceptional links in the energy spectrum and
the topological properties of this system are discussed.
In Section III, the corresponding lattice modal is con-
structed and the anomalous bulk-boundary correspon-
dence of this system is addressed. We further propose
the realization and detection of topological exceptional
links in optical lattices in Section IV. Finally, a short
conclusion is given in Section V.
II. A CONTINUUM MODEL WITH DOUBLE
EXCEPTIONAL LINKS
For Hermitian systems, a typical two-band nodal-link
semimetal can be described by the following 3D contin-
uum model Hamiltonian [22]
H0(k) = [2kxkz + 2ky(m− k2/2)]σx
+ [k2x + k
2
y − k2z − (m− k2/2)2]σz ,
(1)
where k2 =
∑
i=x,y,z k
2
i , σx,z are the Pauli matrices and
the energy unit is set to be 1. For m > 0, the band-
touching events in the spectrum produce a pair of linked
nodal rings, and the link opens when m < 0.
In this paper, we generalize this nodal-link semimen-
tal model to the non-Hermitian case. In the presence
of a non-Hermitian term iγzσz (γz > 0) associated with
particle gain and loss for the two spins, the Hamiltonian
becomes H(k) =
∑
ν=x,y hνσν , where
hx = [2kxkz + 2ky(m− k2/2)]
hz = [k
2
x + k
2
y − k2z − (m− k2/2)2] + iγz .
(2)
The eigen-energies are E± = ±
√
h2x + h
2
z, which are
generally complex for a nonzero γz. Diagonalizing the
Hamiltonian Eq. (2) leads to a multivalued characteristic
polynomial det[E−H(k)] =∏2i=1[E−Ei(k)]. An excep-
tional point appearing at kd requires that the discrimi-
nant of the characteristic polynomial DiscE [H](kd) = 0,
with
DiscE [H](k) =
∏
i<j
[Ei(k)− Ej(k)]2 , (3)
FIG. 1: (a)-(d) The exceptional degeneracies in the energy
spectra of the model described by Eq. (2) with (a) m = 1,
γz = 0.8; (b) m = 1, γz = 1.2; (c) m = −0.25, γz = 0.15; (d)
m = −0.25, γz = 0.3. (e)-(f) The exceptional degeneracies
with an additional symmetry-breaking non-Hermitian pertur-
bation iγyσy term; parameters are adopted for (e) m = 1,
γz = 0.8, γy = 0.5 and (f) m = 1, γz = 0.8, γy = 1.
which implies that < (DiscE [H](k)) = = (DiscE [H](k)) =
0. By solving Eq. (3) we find that the exceptional points
come in pairs and are given by,
2ky(m− 1
2
(k2x + k
2
y + k
2
z)) + 2kxkz = ±γz . (4)
Figure (1) illustrates the exceptional degeneracies in the
spectrum. For γz < m [see Fig. 1(a)], the exceptional
degeneracies comprise a pair of links, which are remi-
niscent of a torus link T (p, q) (double Hopf link) in the
general link theory with the node indices p, q = 2 [25]; for
γz > m [see Fig. 1(b)], the topological structure of the
exceptional degeneracies changes and only a pair of un-
linked exceptional rings are observed. If m < 0, the two
rings (unlinked in the Hermitian limit) are separated into
a tetrad of disconnected exceptional rings for γz < |m|
and form a unlinked pair for γz > |m|, as shown in Figs.
1 (c,d).
The Hamiltonian in Eq. (2) has a chiral symmetry
CH(k)C−1 = −H(k) with C ≡ σy. However, in sharp
contrast to the nodal rings (lines) in Hermitian systems
that are protected by certain symmetries, the structured
exceptional rings do not rely on the symmetries. For in-
stance, we consider a non-Hermitian perturbation with
3the form of HNH = iγyσy + iγzσz, and the exceptional
degeneracies in the spectra are illustrated in Figs. 1
(e,d). We can see that the double exceptional Hopf links
are robust against non-Hermitian perturbations break-
ing the chiral symmetry. This can be understood by the
dimensionality of the characteristic equation. The ex-
ceptional degeneracies are only determined by two con-
straints < (DiscE [H](k)) = 0 and = (DiscE [H](k)) = 0.
Thus the co-dimension of the Hamiltonian Eq. (2) is 2.
One only needs to tune two parameters to have a one-
dimensional (1D) gapless nodes in 3D momentum space.
Here we focus on the Hamiltonian in Eq. (2) with the
chiral symmetry for simplicity. In this case, we can define
a topological charge from the Hamiltonian [85],
Q =
−1
4pii
∮
L
Tr[C(H(k))−1∇lH(k)]dl , (5)
where the integral path L is around the Fermi surface.
If L encircles the first Brillouin zone, the net topologi-
cal charge is zero, which is reminiscent of the Fermion
doubling/quadrupling problem or the Nielsen-Ninomiya
no-go theorem asserting that no net chirality in a lattice
model of fermions [86, 87]. From the modern viewpoint of
quantum anomaly, the doubling of Dirac fermions is at-
tributed to the introduction of lattice [88, 89]. In lattice
gauge theory, the Wilson fermions show up with a mass
associated with the lattice spacing, analogous to the mass
term in Pauli-Villars regularization. The Dirac fermions
must come in pair to ensure the theory to be anomaly free
after the regularization of the latticized theory. However,
here the doubling/quadrupling of exceptional degenera-
cies appears in a continuum model only describing low-
energy sector. This can be understood by introducing
cylindrical coordinates {kρ, φ, kz} and decomposing the
3D system into a set of 2D subsystems. Each subsys-
tems exhibits two or four exceptional points. Pictorially,
< (DiscE [H](k)) = 0 forms disconnected closed paths in
each subsystems, and the intersection with the paths de-
fined by = (DiscE [H](k)) = 0 always gives exceptional
degeneracies of even numbers.
The topological charge given by Eq. (5) is equiv-
alently a winding number Q = 12pi
∮
ij h˜i∂lh˜j , where
h˜i(j) = hi(j)/
√
h2x + h
2
z with i = x, z. By treating kx and
ky as parameters, the winding number can be defined for
every 1D chain along the kz direction as
w(kx, ky) =
1
2pi
∫ ∞
−∞
dkz∂kzφ , (6)
where φ ≡ arctan (hx/hz). One could compact the in-
tegral path into a loop by taking equivalence φ(−∞) =
φ(+∞). The integral path is topologically equivalent to
an S1 loop interlinked with the exceptional rings when
kx and ky lie inside the Fermi surface.
Without loss of generality, we take m = 1. It is easy
to see that limkz→∞ φ = 0. When k
4
ρ − 8k2ρ − 4 < 0, φ is
discontinuous at
kp,nc = ±
√
2
√
2k2ρ − 1− k2ρ , (7)
FIG. 2: The winding numbers w(kx, ky) for (a) m = 1, γz =
0.8; (b) m = 1, γz = 1.2; and (c) m = −0.25,γz = 0.15.
where we have denoted kρ = k
2
x + k
2
y. Then the winding
number is calculated as (see Appendix A for the detailed
derivations)
w =
1
2pi
∫ knc
−∞
+
∫ kpc
knc
+
∫ ∞
kpc
∂kzφdkz . (8)
On the contrary, when k4ρ − 8k2ρ − 4 > 0, φ is continuous
thus gives a trivial winding number.
Figure (2) shows the winding numbers w for three typ-
ical cases. The winding number takes a multiple of Z/2.
The two branches of the exceptional solutions given by
Eq. (4) carry the opposite topological charges. Thus for
kρ lies around the center of the exceptional degeneracies,
the winding number is 0 since the integral path equiva-
lently interlinks the structure entirely. And when kρ lies
between the inner and outer exceptional degeneracies,
the path encircles only one exceptional point and thus
leads to a half-integer value ±1/2. Furthermore, the w
phase diagram distinguishes the double exceptional links
by the transition of the half-integer topological charges,
as illustrated in Fig. 2 (a). The winding number can be
associated with a quantized Berry phase,
γB =
∮
2L
i〈u˜(k)|∂ku(k)〉dk , (9)
via the relation γB = 2piw, where 〈u˜(k)| and |u(k)〉 are
left and right eigenvectors of the Hamiltonian Eq. (2)
and the path 2L forms a closed loop on the Riemann
surface defined by the complex energy E±.
III. LATTICE MODEL AND SURFACE STATES
A. Topological zero-energy surface modes
In this section, we study the lattice model correspond-
ing to the Hamiltonian in Eq. (1). To this end, one can
construct a 3D tight-binding Hamiltonian on a cubic lat-
tice [22] which is effectively described by the low-energy
Hamiltonian Eq. (1), that is,
HˆL =
∑
r
[Hˆrx + Hˆry + Hˆrz + HˆM+
Hˆrxy + Hˆryz + Hˆrxz] ,
Hˆrx =m0c
†
rτzcr+x −
1
2
c†rτzcr+2x + h.c. ,
4Hˆry =m0(c
†
rτzcr+y + c
†
riτxcr+y)−
1
2
(c†rτzcr+2y+
c†riτxcr+2y) + h.c. ,
Hˆrz + HˆM =m0c
†
rτzcr+z + (m
2
0 + 1)c
†
rτzcr + h.c. ,
Hˆrxy =− 1
2
(c†rτzcr+(x+y) + c
†
rτzcr+(x−y))+
1
2
(c†riτxcr+(x−y) + c
†
riτxcr−(x−y)) + h.c.
Hˆrxz =− 1
2
(c†rτzcr+(x+z) + c
†
rτzcr+(x−z))+
1
2
(c†rτxcr+(x−z) + c
†
rτxcr+(x+z)) + h.c. ,
Hˆryz =− 1
2
(c†rτzcr+(y+z) + c
†
rτzcr+(y−z))+
1
2
(c†riτxcr+(−y+z) − c†riτxcr+(y+z)) + h.c. ,
(10)
where cr = (cr,↑, cr,↓)T is the annihilation operator on
site r. The non-Hermiticity is introduced by an on-site
gain and loss HN =
∑
r(iγzc
†
r,↑cr,↑ − iγzc†r,↓cr,↓). Un-
der the periodic boundary condition and with Fourier
transformation, the tight-binding Hamiltonian can be
written as Hˆk =
∑
k,ss′ c
†
ks[H(k)]ss′cks′ , where cks =
1/
√
V
∑
r e
−ik·rcrs is the annihilation operator in mo-
mentum space and the Bloch Hamiltonian is written as
H(k) = dx(k)σx + dz(k)σz, (11)
where
dx = 2 sin kx sin kz + 2 sin ky(
∑
i=x,y,z
cos ki −m0) ,
dz = sin
2 kx+sin
2 ky−sin2 kz−(
∑
i=x,y,z
cos ki −m0)2+iγz.
We numerically calculated the energy spectra E(kx) of a
reduced chain with length Lz = 60 and fixed ky under
open boundary conditions along the z axis. The results
are shown in Fig. 3. In the presence of non-Hermiticity,
the degeneracy of the surface states is lifted near the
band-touching points of the bulk bands. The crescent-
like flat surface states connecting the two links are draped
on the edge, which implies the doubling structure of the
exceptional points. In fact, the lattice Hamiltonian in Eq.
(10) has anomalous bulk-boundary correspondence, with
typical energy spectra under periodic and open boundary
conditions shown in Figs. 4 (a)-(c). When the conven-
tional bulk-boundary correspondence breaks down, the
bulk states localize near the edge, which is dubbed as
the non-Hermitian skin effect [48, 52–58], as shown in
Fig. 4 (d). A non-Bloch theory is built via complex ana-
lytical continuation of the Bloch momentum k → k + iκ
[48] to restore the bulk-boundary correspondence of this
system, see Sec. III B for details.
Notably, we find that this non-Hermitian system has
intriguing size-dependent topological zero-energy surface
FIG. 3: The energy spectra for (a,b) m = 1, γ = 0.8, ky = 0.5
and (c,d) m = 1, γ = 1.2, ky = 0.5 when open boundary
condition is imposed along z direction.
modes. We numerically calculate the eigen-wavefunction
distributions closest to the zero energy, shown in Fig. 5
(e) and (f). When the open boundary condition is im-
posed along both x and z directions, the topological sur-
face modes dependent on the system size. In Hermitian
limit, the surface states are squeezed toward two sides
of the lattice. In presence of a large non-Hermiticity,
e.g., γz = 1.2, the topological surface modes are gapped
out for small lattice size, as illustrated in Fig. 3 (f) i.
Upon the size increases to 30 × 30 (in the x-z plane),
the topological zero modes survive but with the local-
ized center drifting as ky changes. The size-dependent
topological phase transition was revealed in a 1D Hermi-
tian [90] and non-Hermitian systems [63]. We here show
that this phase transition can be generalized to a higher
dimensional system.
To give an intuitive insight on this critical phenomena,
we connect the boundaries of the lattice on both x and z
directions, which gives rise to an effective 1D description.
By treating kx and ky as parameters, the Hamiltonian
(11) effectively reduces to a 1D Hamiltonian given by
Heff =[tx sin kz + ty(cos kz +mxy)]σx
+ (−2mxy cos kz +M + iγz)σz , (12)
where tx ≡ 2 sin kx, ty ≡ 2 sin ky, mxy ≡ cos kx+cos ky−
m0, and M = sin
2 kx + sin
2 ky −m2xy − 1. For simplic-
ity, we focus on a shortcut solution for ky = 0. With a
basis change σz → σy, the Hamiltonian Eq. (12) bares a
resemblance to a pi-flux SSH model HS = t1 sin(k)σx +
(t2 cos(k) + t3 + iγ)σy. In real space, we take a similarity
transformation H˜S = S
−1HSS with a diagonal matrix
S = diag(1, r, r, r2, r3, r4, r6, r7 . . .), where we have chose
a basis |ψ〉 = (ψ1,A, ψ1,B , ψ2,A, ψ2,B , . . . , ψL,A, ψL,B)T .
5FIG. 4: (a-c) The energy spectra for (a) m = 1, γ = 0.8, ky = 0, (b) m = 1, γ = 0.8, ky = 0.5, and (c) m = 1, γ = 1.2, ky = 0.5
when periodic and open boundary condition is imposed along z direction. (d) The wavefunction distribution for both the zero
mode and bulk state for systems with parameters in (a) and (b). (e) The wave function distribution for topological zero modes
in hermitian limit γz = 0 when open boundary condition is imposed along both x and z directions, and for (i) m = 1, ky = 0,
and (ii) m = 1, ky = 0, (iii) m = 1, ky = 0.5. (f) The wave function distribution for topological zero modes (and bulk state)
corresponding to (f) for γz = 1.2 (when ky = 0, there is no skin effect).
The transformed Hamiltonian reads
H˜S =
∑
i
t˜c†1,Aci,B + t˜
∗c†i,Bc1,A+
it˜2r
i+1c†i,Aci+1,B −
it˜2
ri+1
c†i+1,Bci,A−
it˜1r
L−1c†i+1,Aci,B +
it˜1
rL−1
c†i,Bci+1,A ,
(13)
where we have chosen r =
√
(it3 − γ)/(γ − it3) and rede-
fined t˜1 =
t1−t2
2 and t˜1 = − t1+t22 . The non-Hermiticity is
transfered from intra-cell hopping to inter-cell hopping,
with a site-dependent amplitude ∼ rL. The strength of
the non-reciprocity will dominate with increasing magni-
tude when going deep into the bulk, which would account
for the critical behavior dependent on the lattice size.
B. Non-Bloch theory for the bulk-boundary
correspondence
Now we present a non-Bloch theory to restore the bulk-
boundary correspondence in this 3D non-Hermitian sys-
tem. We take an ansatz for the real-space wave function
as a linear combination [48, 60],
ψn,µ =
∑
j
φ(j)n,µ, φ
(j)
n,µ = (βj)
n
φ(j)µ , (14)
where µ = A,B denotes the two spins. By imposing that
the φ
(j)
n,µ is an eigenstate of det[Heff − E] = 0, one can
obtain
[− tx
2
i(β − β−1) + ty
2
(β + β−1) + tymxy]φB
+ [−mxy(β + β−1) +M + iγz]φA = EφA ,
[− tx
2
i(β − β−1) + ty
2
(β + β−1) + tymxy]φA
− [−mxy(β + β−1) +M + iγz]φB = EφB .
(15)
Thus the generalized Bloch Hamiltonian H(β) can be
written as
H(β) = Rx(β)σx +Rz(β)σz, (16)
where
Rx(β) = − tx
2
i(β − β−1) + ty
2
(β + β−1) + tymxy,
Rz(β) = −mxy(β + β−1) +M + iγz.
In general, Eq. (15) has four solutions, which can
be labeled as βs (s = 1, 2, 3, 4). The generalized Bril-
louin zone (GBZ) can be determined from the two solu-
tions |β2| = |β3| by requiring the continuum conditions
β1 ≤ |β2| = |β3| ≤ |β4|. We numerically calculate the
GBZ for our model. The results are shown in Fig. 5.
For ky = 0, the ordinary bulk-boundary correspondence
holds such that the GBZ constitutes a unit circle (since
|β| = 1), as illustrated in Fig. 5 (a). When |β| 6= 1, the
skin modes in bulk states appear and the bulk-boundary
correspondence breaks down.
Following the method outlined in Ref. [48], we intro-
duce a non-Bloch winding number to characterize the
6open-bulk spectra, that is,
χ =
1
2pi
∫
Cβ
ij h˜i∂lh˜j , (17)
where Cβ denotes the GBZ, and i = x, z. The topological
zero modes in OBC spectra are protected by a non-zero
topological index χ. For instance, χ = 1 when kx = 1.5,
ky = 0 and γz = 0.8.
FIG. 5: The generalized Brillouin zone for (a) kx = pi/4,
ky = 0, γz = 0.8, m0 = 1 and (b) kx = pi/4, ky = 0.5,
γz = 0.8, m0 = 1.
IV. PROPOSED REALIZATION AND
DETECTION IN OPTICAL LATTICES
In this section, we discuss a possible scheme to real-
ize the double exceptional links with a dissipative cold
atomic gas. The realization of the Hamiltonian in Eq.
(10) with cold atoms in optical lattices is challenging due
to complicated configuration of the spin-orbit coupling
involved in the hopping terms. However, for small m,
the Hamiltonian in Eq. (2) can be approximated by
H˜(k) ≈(2kxkz + 2mky)σx + [(m+ 1)k2x
+ (m+ 1)k2y + (m− 1)k2z −m2 + iγz]σz ,
(18)
which emerges as low-energy excitations of a lattice
model
H˜(k) ≈[2 sin(kx) sin(kz) + 2m sin(ky)]σx + [tx sin2(kx)+
ty sin
2(ky) + tz sin
2(kz)−m2 + iγz]σz.
(19)
Here we denote tx ≡ 1 +m, ty ≡ 1 +m and tz ≡ m− 1.
Two pairs of exceptional lines are observed around the
center of the Brillouin zone, one of them is shown in
Fig. 6 (a). Due to the periodicity of the Brillouin zone,
this equivalently forms a Hopf link. Thus the exceptional
nodes of this simplified model have identical structure of
that of the model Eq. (11). The hopping/mass terms
required to realize this model can be diagrammatically
FIG. 6: (a) The exceptional nodal rings in the spectrum of
Hamiltonian Eq. (19) with m = −0.5 and g = 0.25; (b) <(φ)
in Eq. 6 with with parameters in (a) and (i) ky = 1, (ii) ky = 0
and (iii) ky = −1; (c) <(ηxz) defined from long-time averaged
spin textures with parameters in (a) and with (i) ky = 1, (ii)
ky = 0 and (iii) ky = −1 respectively. The evolution time is
taken T = 80.
visualized as,
Tx = |1〉
− tx4
x˜ |1〉+ |2〉
tx
4
x˜|2〉+ H.c. ,
Ty = |1〉
− ty4
x˜ |1〉+ |2〉
ty
4
x˜|2〉
+ |1〉 −imx |2〉 imy |1〉+ H.c. ,
Tz = |1〉
− tz4
x˜ |1〉+ |2〉
tz
4
x˜|2〉+ H.c. ,
Tx+z = |1〉
− 12x |2〉
1
2y |1〉+ H.c. ,
Tx−z = |1〉
− 12x |2〉
1
2y |1〉+ H.c. ,
(20)
and TM = M(|1〉〈1| − |2〉〈2|), where y denotes the near-
est hopping and y˜ denotes the next-nearest hopping
along corresponding direction.
Two-photon Raman-assisted transitions are utilized
to achieve the hopping terms involved in Eq. (20)
[12, 93, 94]. In experiments, a moderate magnetic field is
applied to distinguish the spin states in the ground state
7FIG. 7: Schematics of the laser configurations to realize the
Hamiltonian Eq. (19). Polarizations of each beam are shown
in brackets. Rabi frequencies for each beam are: Ωx1 =
Ω0e
ikx, Ω
x(z)
2 =
tx(z)
4
Ωx(z)e
−ikx(z), Ω˜x(z)2 = −
tx(z)
4
Ω0e
−ikx(z),
Ω
z
2(σ
±) = ± 1
2
Ωz±eikz,Ω
y
1(σ
±) = ±imΩy1eiky, Ωy2(σ±) =
± ty
4
Ωy1e
iky.
manifold. The optical lattice is tiled with a homogeneous
energy gradient ∆x,y,z along the x-,y-,z-directions to sup-
press the natural hopping t0 with t0  ∆x,y,z. And we
require ∆x 6= ∆y 6= ∆z 6= ∆x ±∆z to ensure the needed
broken parity (left-right) symmetry. The internal sates
|1〉, |2〉 differ in the magnetic quantum number by one,
thus coupled to the excited state |e〉 by a σ+-polarized
and σ−-polarized lights respectively. The excited state
|e〉 can be adiabatically eliminated from the Raman tran-
sition for a large detuning δ. Between the sites r and
r + m, the Raman-assisted hopping rate is given by
tr,m =
Ω∗βmΩαm
δ
∫
d3r′w∗ (r′ − r−m) eiδk·r′w(r′ − r) ,
(21)
where w(r′− r) is the Wannier-Stark function at the site
r, δk = kα − kβ is the momentum difference between
the relevant Raman beams with the corresponding single-
photon Rabi frequencies Ωαm and Ωβm.
In principle, arbitrary hopping matrices including the
required hopping terms can be independently created
with well-designed laser configurations, so we only take
one of the hopping term in Tx |1〉
−tx/4
x˜ |1〉 and |2〉
tx/4
x˜ |2〉
as an example. The relevant Raman pair is chosen as
Ωx1 = Ω0e
ikx (σ+ polarized) and Ωx2 = − tx4 Ω0e−ikx (σ+
polarized) to introduce the hopping in |1〉 states. For
this case δk takes the value of (2k, 0, 0).Thus the site
dependent phase term can be reduced to eiδk·r = 1 by
adjusting the interfering angle of the lattice beams so
that ka = 2pi. Similarly, the Raman pair to generate the
hopping |2〉
tx/4
x˜ |2〉 can be chosen as Ωx1 = Ω0eikx (σ− po-
larized)) and Ω˜x2 =
tx
4 Ωxe
−ikx (σ− polarized) with Ωx =
Ω0δ1/δ. Similarly, all the hopping terms in Eq. (20) can
be introduced with lasers beams of configuration illus-
trated in Fig. 7. To demonstrate that the next-nearest
hopping is feasible with current technology, we take 40K
atoms of mass m = 66.422 × 10−27 kg in an optical lat-
tice as an example. The optical lattice can be generated
by laser beams at wavelength λ = 764 nm with depth
V0 ≈ 2.3ER, where ER/~ = ~k2L/2m ≈ 2pi × 8.545 kHz
is the recoil energy. The overlap ratio Λ ∼ 0.12 can
be estimated by the overlap integral of the Wannier-
Stark function (see Appendix B for details). For Raman
beams with Ω0/2pi = 20 MHz and single-photon detun-
ing δ/2pi = 1.5 THz, the Raman-assisted hoping rate
t/~ ∼ 2pi × 32 Hz.
To introduce non-Hermiticity into the lattice, on-site
atom loss −2iγz in the |2〉 state can be generated by
applying a radio frequency pulse to resonantly transfer
the atoms to an irrelevant state |e˜〉 [Fig. 5 (a)]. This only
differs from the model Hamiltonian (19) by a background
gain e−γzt. Notably, this method has been adopted to
experimentally realize non-Hermitian Hamiltonians with
atomic gases [40] and superconducting qubits [96].
We propose to measure the exceptional Hopf links
and the winding number by probing the dynamics of
the momentum distribution ρ(k) on each spin state.
To this end, we first define the spin textures as the
time-dependent expectation values of the Pauli matrices
〈σj(k, τ)〉 = 〈u˜k|σj |uk〉/〈u˜k|uk〉 in a biorthogonal for-
malism, where τ denotes the time. The winding number
in Eq. (6) can be extracted from the long-time averaged
spin vector (σx, σz) [91, 92],
wd =
1
2pi
∮
L
∂kηxz(k)dk , (22)
where ηxz(k) ≡ arctan(σx/σz) and σj =
1
T
∫ T
0
〈σj(k, τ)〉dτ . When the Hamiltonian is non-
Hermitian, ηxz is generally a complex angle. It can be
decomposed as the sum of two observables
<(ηij(k)) = 1
2
(φRRij + φ
LL
ij ),
where
φRRij = arctan(〈u|σi|u〉/〈u|σj |u〉),
φLLij = arctan(〈u˜|σi|u˜〉/〈u˜|σj |u˜〉).
The numerical results show that for our model φRRij =
φLLij . Thus merely measuring φ
RR is enough to deter-
mine the topology in the experiments. Furthermore, the
bulk nodes can be mapped out by reconstructing the ky-
resolved spin textures. Due to its topological nature as
a defect, the exceptional point is identified by the singu-
larity in <(ηxz). As illustrated in Fig. 4 (b), the linked
structure can be reconstructed by projected singularities
with opposite topological polarities. In experiments, the
8spin texture 〈σz〉 can be measured by the quasimomen-
tum distribution ρ(kx, kz) on each spin state by the time-
of-flight measurement after abruptly turning off the lat-
tice potential, while the spin texture 〈σx〉 can be trans-
ferred from the spin population difference by a pi/2 pulse.
We numerically calculate the long-time averaged ηxz, as
shown in Fig. 6 (c), which is in good agreement with φ
[defined in Eq. (6)].
FIG. 8: Snapshots of the density distribution at different evo-
lution time (denoted by τ) for (a) a smaller lattice and (b) a
bigger lattice. The initial state takes the Gaussian form for
(a) ψ(τ = 0) = N exp[−(x − 15)2/10 − z2/5](1, 1)T and (b)
ψ(τ = 0) = N exp[−(x − 5)2/3 − z2/0.5](1, 1)T , where N is
the normalization factor. The intensity profile of a evolved
state ψ(τ) is normalized.
At last, we address an experimental approach to detect
the localized boundary states. For cold atoms in optical
lattice, one could initially upload the atoms in a Gaussian
distribution and then observe the particle density evolu-
tion. We illustrate the numerically simulated results (via
the solution of the Schro¨dinger equation) of detection sig-
natures in Fig. 8. For a small lattice size 10× 10 (in the
x-z plane) in the absence of topological zero modes, the
wave packet enters the bulk. On the contrary, one can
see clear signatures of localized edge modes, which have
a similar distribution with that of Fig. 4 (f) ii.
V. CONCLUSION
In summary, we have investigated the topological prop-
erties of an exceptional double Hopf link in a non-
Hermitian system. The topology of the exceptional dou-
ble link is characterized by a winding number or a quan-
tized Berry phase. The topological properties of the
corresponding lattice model are addressed and a non-
Bloch theory is developed for this system to describe the
anomalous bulk-boundary correspondence. We have fur-
ther proposed a feasible scheme to realize and detect the
exceptional Hopf link with dissipative cold atoms in a
3D optical lattice. The proposed system would provide a
promising platform for elaborating the exotic physics of
the non-Hermitian topological semimetals.
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Appendix A: Derivation of the winding number
The winding number for a general two-band model
H = hxσx + hzσz can be decomposed to the wighted
sum of two components,
w =
1
2pi
∫ ∞
−∞
dkz∂kzφ =
1
2
(w1 + w2) , (A1)
where
w1 =
1
2pi
∫ ∞
−∞
dkz∂kzφ1 (A2)
w2 =
1
2pi
∫ ∞
−∞
dkz∂kzφ2, (A3)
with
tanφ1 =
Re (hx) + Im (hz)
Re (hz)− Im (hx) ,
tanφ2 =
Re (hx)− Im (hz)
Re (hz) + Im (hx)
.
For our model, when k4ρ − 8k2ρ − 4 > 0, φ is continuous
thus gives a trivial winding number. However, when k4ρ−
8k2ρ − 4 < 0, φ is discontinuous at
kp,nc = ±
√
2
√
2k2ρ − 1− k2ρ . (A4)
At the discontinuities, the two real angles are given by
sn,±1 ≡ φ1(kz → kn,±c ) = ±
pi
2
sgn[hx(kρ, k
n,±
c ) + γz] ,
sn,±2 ≡ φ2(kz → kn,±c ) = ±
pi
2
sgn[hx(kρ, k
n,±
c )− γz] ,
sp,±1 ≡ φ1(kz → kp,±c ) = ∓
pi
2
sgn[hx(kρ, k
p,±
c ) + γz] ,
sp,±2 ≡ φ2(kz → kp,±c ) = ∓
pi
2
sgn[hx(kρ, k
p,±
c )− γz] .
Then the winding numbers are given by,
w1 = sgn[hx(kρ, k
p,±
c ) + γz]− sgn[hx(kρ, kn,±c ) + γz] ,
w2 = sgn[hx(kρ, k
p,±
c )− γz]− sgn[hx(kρ, kn,±c )− γz] .
9Appendix B: Wannier-Stark function estimation
FIG. 9: (a) Wannier-Stark function centered at site 0 and
site 1. (b) Wannier-Stark function centered at site 0 and site
2. The parameters are chosen as V0 = 2.3Er and linear tilt
∆x/2pi = 200 Hz.
For a linear tilted optical lattice, the Wannier-Stark
function takes the form [95],
wi(r
′ − rl) =
∑
m
Jm−l(
2t0
∆i
)w(r′ − rl) , (B1)
where i = x, y, z, Jm−l(x) are the Bessel functions of the
first kind, and w(r′−rl) is the Wannier function centered
at the site rl and it takes a form of Gaussian function,
w(r) =
1
pi1/4σ3/2
e−r
2/2σ3 ,
with σ = ~/[m1/2(4ERV0)1/4]. As discussed in the main
text, the Raman-assisted hopping rate is given by
tr,m =
Ω∗βmΩαm
δ
∫
d3r′w∗ (r′ − r−m) eiδk·r′w(r′ − r) .
We can calculate the overlap integral of n-th nearest hop-
ing,
Λ(n) ≡
∫
dxw∗(x+na)w(x)
∫
dyw∗(y)w(y)
∫
dzw(z)w(z).
We illustrate the Wannier-Stark functions in Fig. 9.
One can see that the overlap between two next-nearest
centered Wannier-Stark functions Λ(2) has the same or-
der of Λ(1) due to tilting the lattice. For nature tun-
neling rate t0/~ = 2pi × 50 Hz and ∆x/2pi = 200 Hz,
Λ(2) ≈ 0.117 while Λ(1) ≈ 0.34.
[1] C.-K. Chiu, J. C. Y. Teo, A. P. Schnyder, and S. Ryu,
Classification of topological quantum matter with sym-
metries, Rev. Mod. Phys. 88, 035005 (2016).
[2] D. W. Zhang, X. Q. Zhu, X. Y. Zhao, H. Yan, and S. L.
Zhu, Topological quantum matter with cold atoms, Adv.
Phys. 67, 253 (2018).
[3] S. L. Zhu, B. Wang, and L.-M. Duan, Simulation and De-
tection of Dirac Fermions with Cold Atoms in an Optical
Lattice, Phys. Rev. Lett. 98, 260402 (2007).
[4] S. M. Young, et al., Dirac semimetal in three dimensions.
Phys. Rev. Lett. 108, 140405 (2012).
[5] Z. Wang, Chen, et al., Dirac semimetal and topological
phase transitions in A3Bi (A= Na, K, Rb), Phys. Rev.
B 85, 195320 (2012).
[6] X. Wan, A. M. Turner, A. Vishwanath, and S. Y.
Savrasov, Topological semimetal and Fermi-arc surface
states in the electronic structure of pyrochlore iridates,
Phys. Rev. B 83, 205101 (2011).
[7] X.-S. Li, C. Wang, M.-X. Deng, H.-J. Duan, P.-H. Fu,
R.-Q. Wang, L. Sheng, and D. Y. Xing, Photon-Induced
Weyl Half-Metal Phase and Spin Filter Effect from Topo-
logical Dirac Semimetals, Phys. Rev. Lett. 123, 206601
(2019).
[8] M.-X. Deng, G. Y. Qi, R. Ma, R. Shen, R.-Q. Wang,
L. Sheng, and D. Y. Xing, Quantum Oscillations of the
Positive Longitudinal Magnetoconductivity: A Finger-
print for Identifying Weyl Semimetals, Phys. Rev. Lett.
122, 036601 (2019).
[9] B. Q. Lv, et al., Experimental discovery of Weyl
semimetal TaAs, Phys. Rev. X 5, 031013 (2015).
[10] S. M. Young and C. L. Kane, Dirac semimetals in two
dimensions, Phys. Rev. Lett. 115 126803 (2015).
[11] N. Armitage, E. Mele, and A. Vishwanath, Weyl and
Dirac Semimetals in three-dimensional solids, Rev. Mod.
Phys.90, 015001 (2018).
[12] Y. Q. Zhu, D. W. Zhang, H. Yan, D. Y. Xing, and S. L.
Zhu, Phys. Rev. A 96, 033634 (2017).
[13] X. Tan, et al., Topological Maxwell Metal Bands in a
Superconducting Qutrit, Phys. Rev. Lett. 120, 130503
(2018).
[14] A. A. Burkov, M. D. Hook, and L. Balents, Topological
nodal semimetals, Phys. Rev. B 84, 235126 (2011).
[15] C. Fang, Y. Chen, H. Y. Kee, and L. Fu, Topological
nodal line semimetals with and without spin-orbital cou-
pling, Phys. Rev. B 92, 081201 (2015).
[16] D. W. Zhang, et al., Quantum simulation of exotic PT-
invariant topological nodal loop bands with ultracold
atoms in an optical lattice, Phys. Rev. A 93, 043617
(2016).
[17] C. Fang, et al., Topological nodal line semimetals, Chin.
Phys. B 25, 117106 (2016).
[18] R. Yu, H. Weng, Z. Fang, X. Dai, and X. Hu, Topo-
logical node-line semimetal and Dirac semimetal state in
antiperovskite Cu3PdN, Phys. Rev. Lett. 115, 036807
(2015)
[19] Z. Yan and Z. Wang, Tunable Weyl points in periodi-
cally driven nodal line semimetals, Phys. Rev. Lett.117,
087402 (2016).
[20] T. Bzduek, et al., Nodal-chain metals, Nature 53 75
(2016).
[21] X.-Q. Sun, B. Lian, and S.-C. Zhang, Double helix
nodal line superconductor, Phys. Rev. Lett. 119, 147001
(2017).
[22] Z. Yan, et al., Nodal-link semimetals, Phys. Rev. B 96,
041103 (2017).
[23] W. Chen, H. Z. Lu, and J. M. Hou, Topological semimet-
als with a double-helix nodal link, Phys. Rev. B 96,
041102 (2017).
10
[24] P. Y. Chang and C. H. Yee, Weyl-link semimetals, Phys.
Rev. B 96, 081114 (2017).
[25] M. Ezawa, Topological semimetals carrying arbitrary
Hopf numbers, Phys. Rev. B 96, 041202(R) (2017).
[26] R. Bi, Z. Yan, L. Lu, and Z. Wang, Nodal-knot semimet-
als, Phys. Rev. B 96, 201305 (2017).
[27] G. E. Volovik, The Universe in a Helium Droplet (Claren-
don, Oxford, 2003).
[28] H. G. Zirnstein, G. Refael, and B. Rosenow, Bulk-
boundary correspondence for non-Hermitian Hamiltoni-
ans via Green functions, arXiv:1901.11241 (2019).
[29] D. S. Borgnia, A. J. Kruchkov, and R. J. Slager, Non-
hermitian boundary modes and topology, Phys. Rev.
Lett. 124, 056802 (2020).
[30] M. R. Hirsbrunner, T. M. Philip, and M. J. Gilbert,
Topology and observables of the non-Hermitian Chern
insulator, Phys. Rev. B, 100, 081104 (2019).
[31] V. Kozii and L. Fu, Non-Hermitian topological theory
of finite-lifetime quasiparticles: prediction of bulk Fermi
arc due to exceptional point, arXiv:1708.05841 (2017).
[32] T. Yoshida, R. Peters, and N. Kawakami, Exceptional
rings in two-dimensional correlated systems with chiral
symmetry, Phys. Rev. B 98, 035141 (2018).
[33] K. Kimura, T. Yoshida, and N. Kawakami, Chiral-
symmetry protected exceptional torus in correlated
nodal-line semi-metals, Phys. Rev. B 100, 115124 (2019).
[34] Y. Michishita and R. Peters, Equivalence of the effec-
tive non-hermitian Hamiltonians in the context of open
quantum systems and strongly-correlated electron sys-
tems, arXiv:2001.09045 (2020).
[35] A. A. Zyuzin and A. Y. Zyuzin, Flat band in disorder
driven non-Hermitian Weyl semimetals, Phys. Rev. B 97,
041203(R) (2018).
[36] M. Papaj, H. Isobe, and L. Fu, Nodal arc of disordered
Dirac fermions and non-Hermitian band theory, Phys.
Rev. B, 99, 201107 (2019).
[37] S. Klaiman, U. Gu¨nther, and N. Moiseyev, Visualization
of branch points in p t-symmetric waveguides, Phys. Rev.
Lett. 101, 080402 (2008)
[38] H. Zhou, et al., Observation of bulk Fermi arc and polar-
ization half charge from paired exceptional points, Sci-
ence, 359, 1009-1012 (2018).
[39] A. Cerjan, et al., Experimental realization of a Weyl ex-
ceptional ring, Nat. Photonics, 13, 623-628 (2019).
[40] J. Li, et al., Observation of parity-time symmetry break-
ing transitions in a dissipative Floquet system of ultra-
cold atoms, Nat. Commun. 10, 855 (2019).
[41] W. Gou, et al., Tunable Nonreciprocal Quantum Trans-
port through a Dissipative Aharonov-Bohm Ring in Ul-
tracold Atoms, Phys. Rev. Lett. 124, 070402 (2020).
[42] E. J. Bergholtz, J. C. Budich, and F. K. Kunst,
Exceptional Topology of Non-Hermitian Systems,
arXiv:1912.10048 (2019).
[43] A. Ghatak and T. Das, New topological invariants in non-
Hermitian systems, J. Phys. D: Appl. Phys. 31, 263001
(2019).
[44] D.-W. Zhang, L.-Z. Tang, L.-J. Lang, H. Yan, and S.-
L. Zhu, Non-Hermitian topological Anderson insulators,
Sci. China-Phys. Mech. Astron. 63, 267062 (2020).
[45] X.-W. Luo and C. Zhang, Non-Hermitian Disorder-
induced Topological insulators, arXiv:1912.10652.
[46] H. Wu and J.-H. An, Floquet Topological Phases of Non-
Hermitian Disordered Systems, arXiv:2003.08055.
[47] H. Jiang, L. J. Lang, C. Yang, S. L. Zhu, and S. Chen,
Interplay of non-Hermitian skin effects and Anderson lo-
calization in nonreciprocal quasiperiodic lattices, Phys.
Rev. B. 100, 054301 (2019).
[48] S. Yao and Z. Wang, Edge states and topological invari-
ants of non-Hermitian systems, Phys. Rev. Lett. 121,
086803 (2018).
[49] F. K. Kunst, et al., Biorthogonal bulk-boundary corre-
spondence in non-Hermitian systems, Phys. Rev. Lett.
121, 026808 (2018).
[50] K. Kawabata, et al., Symmetry and topology in non-
Hermitian physics, Phys. Rev. X 9, 041015 (2019).
[51] K. Kawabata, T. Bessho, and M. Sato, Classifica-
tion of exceptional points and non-hermitian topological
semimetals, Phys. Rev. Lett. 123 066405 (2019).
[52] N. Okuma, et al., Topological Origin of Non-Hermitian
Skin Effects, arXiv:1910.02878 (2019).
[53] F. Song, S. Yao, and Z. Wang, Non-Hermitian skin effect
and chiral damping in open quantum systems, Phys. Rev.
Lett. 123, 170401 (2019).
[54] L. Li, C. H. Lee, and J. Gong, Topology-Induced Spon-
taneous Non-reciprocal Pumping in Cold-Atom Systems
with Loss, arXiv:1910.03229 (2019).
[55] C. H. Lee and R. Thomale, Anatomy of skin modes and
topology in non-Hermitian systems, Phys. Rev. B 99,
201103 (2019).
[56] T. Hofmann, et al., Reciprocal skin effect and its realiza-
tion in a topolectrical circuit, 1908.02759v1
[57] C. H. Lee, L. Li, and J. Gong, Hybrid higher-order skin-
topological modes in nonreciprocal systems, Phys. Rev.
Lett. 123 016805 (2019).
[58] C. H. Lee, L. Li, R. Thomale, and J. Gong, Unraveling
non-Hermitian pumping: emergent spectral singularities
and anomalous responses, arXiv:1912.06974.
[59] S. Yao, F. Song, and Z. Wang, Non-hermitian chern
bands, Phys. Rev. Lett. 121 136802 (2018).
[60] K. Yokomizo and S. Murakami, Non-bloch band theory
of non-Hermitian systems, Phys. Rev. Lett. 123, 066404
(2019).
[61] X.-R. Wang, C.-X. Guo, and S-P Kou, Defective edge
states and number-anomalous bulk-boundary correspon-
dence in non-Hermitian topological systems, Phys. Rev.
B 101, 121116(R) (2020).
[62] K. Zhang, Z. Yang, and C. Fang, Correspondence be-
tween winding numbers and skin modes in non-hermitian
systems, arXiv:1910.01131 (2019).
[63] L. Li, et al., Critical non-Hermitian Skin Effect,
arXiv:2003.03039 (2020).
[64] H. Wang, J. Ruan, and H. Zhang, Non-Hermitian nodal-
line semimetals with an anomalous bulk-boundary corre-
spondence, Phys. Rev. B 99, 075130 (2019).
[65] Z. Yang and J. Hu, Non-Hermitian Hopf-link exceptional
line semimetals, Phys. Rev. B 99, 081102 (2019).
[66] J. Carlstrm, M. Stlhammar, J.C. Budich, and E.J.
Bergholtz, Knotted Non-Hermitian Metals, Phys. Rev.
B 99, 161115(R) (2019).
[67] Z. Yang, C.-K. Chiu, C. Fang, and J. Hu, Jones Poly-
nomial and Knot Transitions in Hermitian and non-
Hermitian Topological Semimetals, Phys. Rev. Lett. 124,
186402 (2020).
[68] Y. Xu, S. T. Wang, and L. M. Duan, Weyl exceptional
rings in a three-dimensional dissipative cold atomic gas,
Phys. Rev. Lett. 118, 045701 (2017).
[69] J. C. Budich, et al., Symmetry-protected nodal phases in
non-Hermitian systems, Phys. Rev. B, 99, 041406 (2019).
11
[70] K. Yamamoto, et al., Theory of Non-Hermitian
Fermionic Superfluidity with a ComplexValued Interac-
tion, Phys. Rev. Lett. 123, 123601 (2019).
[71] J. Carlstrm and E.J. Bergholtz, Exceptional links and
twisted Fermi ribbons in non-Hermitian systems, Phys.
Rev. A 98, 042114 (2018).
[72] X. Zhu, H. Ramezani, C. Shi, J. Zhu, and X. Zhang,
PT-symmetric acoustics. Phys. Rev. X 4, 031042 (2014).
[73] B.I. Popa and S. A. Cummer, Non-reciprocal and highly
nonlinear active acoustic metamaterials. Nat. Commun.
5, 3398 (2014).
[74] L. Xiao, et al., Observation of non-Hermitian bulk-
boundary correspondence in quantum dynamics,
arXiv:1907.12566 (2019).
[75] K. Wang, et al., Observation of emergent momentum-
time skyrmions in parity-time-symmetric non-unitary
quench dynamics, Nat. Commun., 10, 2293 (2019).
[76] S. Diehl, et al., Topology by dissipation in atomic quan-
tum wires, Nature Phys. 7, 971-977 (2011).
[77] Y. Takasu, et al., PT-symmetric non-Hermitian quan-
tum many-body system using ultracold atoms in an opti-
cal lattice with controlled dissipation, arXiv: 2004.05734
(2020).
[78] Y. Ashida, S. Furukawa, and M. Ueda, Parity-time-
symmetric quantum critical phenomena, Nat. Commun.
8, 1-6 (2017).
[79] Z. Gong, et al., Topological phases of non-Hermitian sys-
tems, Phys. Rev. X 8, 031079 (2018).
[80] L. Li, C. H. Lee, and J. Gong, Topology-Induced Spon-
taneous Non-reciprocal Pumping in Cold-Atom Systems
with Loss, arXiv:1910.03229 (2019).
[81] D. Jaksch and P. Zoller, Creation of effective magnetic
fields in optical lattices: the Hofstadter butterfly for cold
neutral atoms, New J. Phys. 5, 56 (2003).
[82] H. Miyake, G.A. Siviloglou, C.J. Kennedy, W.C. Burton,
and W. Ketterle, Realizing the Harper Hamiltonian with
Laser-Assisted Tunneling in Optical Lattices, Phys. Rev.
Lett. 111, 185302 (2013).
[83] M. Aidelsburger, et al., Realization of the Hofstadter
Hamiltonian with Ultracold Atoms in Optical Lattices,
Phys. Rev. Lett. 111, 185301 (2013).
[84] B. Song, et al., Observation of nodal-line semimetal with
ultracold fermions in an optical lattice, Nature Phys. 15,
911-916 (2019).
[85] B. Bri, Topologically stable gapless phases of time-
reversal-invariant superconductors, Phys. Rev. B 81,
134515 (2010).
[86] H. B. Nielsen and M. Ninomiya, Absence of neutrinos on
a lattice: (I). Proof by homotopy theory, Nucl. Phys. B
185, 20 (1981).
[87] Z. Yang, et al., Fermion doubling theorems in 2D non-
Hermitian systems, arXiv:1912.02788 (2019).
[88] K. Fujikawa, K. Fujikawa, and H. Suzuki, Path integrals
and quantum anomalies, Oxford University Press on De-
mand (2004).
[89] W. B. Rui, Y. X. Zhao, and A. P. Schnyder, Topological
transport in Dirac nodal-line semimetals, Phys. Rev. B
97, 161113 (2018).
[90] Y. X. Zhao, Y. Lu, and H.-Z. Lu, Topological Landau
Lattice, arXiv:1706.0978 (2017)
[91] B. Zhu, Y. Ke, H. Zhong, and C. Lee, Dynamic winding
number for exploring band topology, Phys. Rev. Research
2, 023043 (2020).
[92] L. Zhou, Dynamical characterization of non-Hermitian
Floquet topological phases in one dimension, Phys. Rev.
B 100 184314 (2019).
[93] S. T. Wang, D. L. Deng, and L. M. Duan, Probe of Three-
Dimensional Chiral Topological Insulators in an Optical
Lattice, Phys. Rev. Lett. 113 033002 (2014).
[94] D. W. Zhang, S. L. Zhu, and Z. D. Wang, Simulating and
exploring Weyl semimetal physics with cold atoms in a
two-dimensional optical lattice, Phys. Rev. A 92, 013632
(2015).
[95] H. Miyake, Probing and Preparing Novel States of
Quantum Degenerate Rubidium Atoms in Optical Lat-
tices, Ph.D. thesis, Massachusetts Institute of Technology
(2013).
[96] M. Naghiloo, M. Abbasi, Y. N. Joglekar, and K. W.
Murch, Quantum state tomography across the excep-
tional point in a single dissipative qubit, Nature Phys.,
15, 1232 (2019).
